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��  

)6(  E��F∗ ������ + 2E����F∗ ������� + E�����F∗ ������ + �� $������ % − !&#### ��� $���� + 12 ����� ��% = 0 

)7(  
E��F∗ ������ + 2E����F∗ ������� + E�����F∗ ������ + �� $������ % + !"### $�<���< %

− ��� ����� �!&#### $���� + 12 ����� ��%�� + 89� + 8;9�H = 0 

) F;#! �?R,�� ", @!6) - (7�( E��F∗ = �I + �� �E����F∗ = �I�I + ����  -E�����F∗ = �I�I� + ����� 
9�� )X�#+ ��� ���J  -� @& g�7�7 @& 
+"�, ("�'� b�� - ��H() =#�. ", @! @�>: Q�D�. @& @%#7 �& �
8&� .6@��% ( =-
 ��"�, �

 �9�� C"D& ?i�% ���� @& 9�:+ �@8�:�8�R�) @�,�� - �`�.��  � �&��& ", ?i�% @�B& �� �p�6 ( �:�#+��& ��� ?"#5&�,#' ]3[:  

)8(  !&#### ��� $���� + 12 ����� ��% = 0 

 ��� S���' =��	� �& =���(0, �) = �(�, �) = 0� ��� @O&�" @& � h��"]22[: 
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)9(  �(�, �) = − 12  ����� ��4
� �� + �2�  ����� ���

� �� 

) @O&�" �"�p)��% �&9) @O&�" ", (7� ��� =#�. @& (:h��"  
 

)10(  
E��F∗ ������ + 2E����F∗ ������� + E�����F∗ ������ + �� $������ % + !"### $�<���< %

− ��� ����� �!&####2�  ����� �� ���
� �� + 89� + 8;9�H = 0 

� ��!���H U-" Q�! �& @! 9�� �eD% ?�B8* �& �OI��P F�:+��E�, @�,�� �#. @O&�" F�:+��E�, @�,�� @& �"  �  �#7
 "�! ��� ���& .,�! F�
�7 ��#�� �OI��P�(�, �) � �`+ ", ��� ?"#� @& �" h���H]20[: 

)11(  �(�, �) = 2(�)�(�) 

 �#. @O&�" ", @!2(�)  -�(�) @�/7 S���' ���� �& �4��� ", .
�8:� �+�� b&�7 - F/' b&�7 g�7�7 @& (,�� �� -, ���H 2(�) = sin(L14� )  ) @O&�"  ,�! ��D)��% �& .9��11) @�,�� ", (10 �-" �8.�H =��)8+� 9��$+ ", - F/' b&�7 ", @4�8+ ��� - (
 (��&0  �7L � ��� @O&�" @& :h��" 

)12(  �N (�) + �!"### O�P� Q< − E����F∗ O�P� Q� − 89�
E��F∗ + �� �(�) + �!&####4 O�P� Q< + 34 8;9�

E��F∗ + �� �(�)H = 0 

 @��-� S���' �&�(0) = S�  -�T (0) = 0  . (
' @e�"� ?R,�� .9�� (
' @8I�� ��&�7 ["
 (,� �� @�#� @! 9�� (
' N�.
 9�� ��� ?"#� @& (,� ��� ���&]3[.  

)13(  
��(�) = � � − ���� − ���;

 

��(�) = 1 − ��(�) 

 ��#. S&�-" ", @!��(�)  -��(�)  ���^�� .9�� @�#� ��I�, - �%"�I {#O� �,�# ��4� 9�:+ g�7�7 @&U  ["
 b&�7  �#7
 9�� ��&�7]15[.  

)14(  
!(�) = ��!� + ��!�

 

V(�) = ��V� + ��V�
 

3- �>�? �� @�)�  

 ��H - 9E+ �=��� � ���% �����" ����:�
 ���&) F/' ", @�#� ��� .9�� (
' (,�E8�� ���. -, =���  ���% F�� @�#� ��1 (
� (,�E8�� ��� S&�-" �� b�� - ��H 9	��  ,"-� 9�
& ���& - 9�� (
' (,�,  �*+ ,#']23[.  

)15(  �I = W��� + �IX 

)16(  �� = �� − YI1 − YI �IX  

 � � ", @!W�  �b��#7 g�����  - @�#�  -", �� �"#�	 =��� 9	���IX � �.�� @�,� ", (
' =�\'� 9��: 9�:+ .,#'
) ��H S�#7&I) @�#� �bOB �|O� �9��: �& (&Z �& (YI  9�� (
' @e�"�]24[.  
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)17(  YI = &I&Z = &I&� + &I  

 ��#. @O&�" ", @!&� @�#� ���& .9�� =��� S�#7 (
' =�\'� 9��: ��B.� ���W� = 1.1  9��]25[  -�IX  ��� @O&�" ��
� 9�
& 
��]26[.  

)18(  �IX = 0.45]g_`(V� − VI)(1 − YI)V�  

 ��#. @O&�" ", @!g  -_`  �/��-"
�� �OL - T+��H ��8' g�7�7 @&-  ���^��V�  -VI   -", ��H - b�� ���)_ g�7�7 @&
� F��� ��� @O&�" �� �/��-"
�� �OL .
�8:� @�#�.,#'  

)19(  _` = 4&ZaZ  

 @!aZ  -&Z .9�� @�#� ��I�, 9��: - S�� g�7�7 @&  

4- ��?�&�$ 

X �r���� @�#� �� �V��8+  ,"-� 9�
& ���&- (,�E8�� ���8�"�; ���& ��� ��,�B �� g�7�7 ��
& .9�� (
' (,�E8�� n#���#��
 :9�� (
'!� = 151GPa �!� = 70GPa �J� = 58.1GPa �J� = 26.9GPa �V� = 3000Kg/mH �V� = 2700Kg/mH � �� = 0.3m ��� = 0.25m �� = 10m �� = 1 ��� = 1m/s �YI = 0.1 �89 = 10lN/m� �8;9 = 5 × 10oN/m� �S� = 0.2m  -U = 1 .�� :�� 
�7"��	 @! 9�� (
' @8.�H �`+", �?-�E8 ����.-, =��� v#+ @�- �#�)V� = 997Kg/mH  -VI = 1.18Kg/mH �(9E+- ��H)V� = 800Kg/mH  -VI = 1.88Kg/mH ( ,�� -R22 )V� = 1213Kg/mH  -VI = 2.00Kg/mH .(  

) F/' ",2 (@�#� �+�� W��; ��  ���% F��-@& Q�8�R� �8:& �& �#�  �#7 ���� (
' (,�,  �*+ ��&�7 ["
 (,� a�86 ���
T��D.� �& �9�� (
��* F&�L @! "#O+��� .9�� U& ��� .9�� @8.�� T��D.� ?�+��#+ �&-��7 ("-, � (,�  �#7 ?����\7 @! 9����  �


@�#� ���& ��&�7 ["
 ,"�, �&-��7 ("-, ?����\7 �& ���B8: �]� �(
' @8.�H �`+",�  @8.�� T��! @�#� �8E� �(,�  �#7 T��D.� �& ����
.9��   

 
 �*
2 �#��> D��E :F�� !"# @�)� 9�&�A ���; ����->�H  

  



)�0)-$�� 0)� 1#��"�, 	�
���� � 2)���,� ���-��–29  �30 � (�� 71401–   9��:�–  9��&� 

 

 

7 

 F/' ",��� �9E+ =���  ���% F�� @�#� �/����, "�8."-=#Z ���& y�I �8:& ", ��H 9L, �& .9�� (
' @e�"� @�#� �?-�E8 ���
� @%#8  � @& �*��! X+�!�. �@�#� =#Z T��D.� �& ��)�, ?"��	 @& �9�� @8.�� T��D.� �&-��7 ("-, �@�#� =#Z T��D.� �& @! h�#'

�
'�&� �7 ("-, �& X+�!�. �����  �*+ F/' ��� ���^�� .,"�, X/	 @O&�" �&-�@�#� ���& =#Z ���\7 ?��]� @! 
�, �8*�& �(�7#! ���
� h*_ @&
��.  �#7 �& @�#� �=#Z ��8"�; @! 9�� ��� �� ��� 9�	 ���2-  -4- ) @�,�� ",12.9�� (
' ���� (  

 
 �*
3�*)���&� ��? : F�� �; ����!"# @�)� 9�&�A ��->�H 

  
F/' ", )4( �� @�#� �'��7"� W��;F ��) ���.-, =���  ���%- .9�� (
' @8'�pH T���+ @& �OI��P Q�8�R� �8:& �& (�#�

�  �*+ F/' ���,"�, �D�_�+ �]� @�#� �'��7"� "�8." �& �@�#�  -", �� �"#�	 =��� 9	�� ?����\7 @! 
�,� � ����&��& ?����\7 ��  �#7
@�#� ",  �Y�� R�& �8E� �& ���,�! �`+.  

 
 �*
4 �#��> D��E :F�� �� @�)� 9�&�A ���; ����-��$ 

  
) F/' ",5(,�� =���  ���% F�� ��&�7 ["
 @�#� �/����, W��; � R22 9�:+ �8.�H �`+", �& h���7 ?-�E8 ���H ���

� F/' ��"�& �& .9�� (
' .9�� @8.�� T��D.� X+�!�. - T��! �&-��7 ("-, �@�#� ", ���H 9�:+ T��D.� �& @! ,#�+ (
��*  �#7
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� ����&��&� h8:�� =,�� n�% T��! f	�& ���H 9�:+  
' ,��� @! ,#�+ [�8�8�� ���_  �#7 ", @! ,#' T��D.� X+�!�. � � �;
9�� @8.��) .�� = 0.03m ��� = 0.025m �� = 0.5m(  

 
 �*
5 �
���� D��E :F��  @�)� 9�&�A ���; ������'�  R22 

  
) F/' ",6(��) ���.-, =���  ���% F�� @�#� �+�� W��; �- T���+ @& @��-� @��, ?-�E8 ��,�B ���� @& y�I �8:& ", (�#�

 .9�� (
' @8'�pHF/' ���7 ",�+�� SI �-" @�#� S�- @OB+ ���& @��-� 9	�� - @��, �@��B ��� ���  ��8��" ",  � ���4&�% -
���	 .9�� (
' @8.�H �`+",  "�,#�+ ��� A�Z .9�� @8.�� T��D.� �OI��P X+�!�. - T��! �&-��7 ("-, �@��-� @��,  
' ,��� �&

�@��, T��D.� �& @! 9EH  �#7  �OI��P X+�!�. �?�'��7"�T��D.� �
&��. 8 X+�!�. ��OI��P ?�'��7"� ", ����&��&� @��, �� �]
.9�� @��-�  

 
 �*
6 :@�)� 9�&�A ���; ���� �
���� D��E �� �>�?��-��$ 

  
@�#� �+�� W��; �& @�#�  -", �� �"#�	 =��� v#+ �]� @:��B ���& ) F/' �Q�8�R� �8:& ",7 ( �"�,#�+ ��� ", .9�� (
' h���7

9E+ ����.-, =��� @�-�� ���H-(
' @:��B @�#�  -", �� �"pH ,�� ��H - �#��  �*+ F/' ��� .
+� F�� @�#� @! 
�,=���  - ,��
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9E+-
+"�, �" �&-��7 ("-, ���8�! - ���8*�& g�7�7 @& ��H.  =��� ���)_  ,#& �8*�& F��
&9E+-��H ,�� @& 9�:+ F�� @�#� X+�!�. �
9E+-��H �8�! .9�� ,�� F�� @�#� ��  

 
 �*
7:  �*)���&� D��EF�� ����@�)� 9�&�A L��#� ���; ��$�>�? �� ��$  

5- �M)�#��)H 

@�#� �/����, "�8." ��"�& @& @��B ��� ", �8.�H �`+", �& ��&�7 ["
 �7"��� ���,�� - �� �9E+ ��� @8I�,�; Q�8�R� �8:&
(
� 9�
&  #8���� F�� A�Z �& �@�>: ?�����" �& h!�� ?R,�� .9�� (
' �& F�:+��E�, @�,�� @& ��!���H U-" Q�! �& - 
+�

V+�" U-" Q�! �& .9�� (
' F�
�7 ��#�� ?�B8*- ����8�"�; ���� @& @�#� �'��7"� W��; - F� �OI��P F�:+��E�, @�,�� ��7#!
X+�!�. �@�#� =#Z - ��&�7 ["
 (,�  �#7 T��D.� �& @! 
+,�,  �*+ V��8+ .9�� (
� 9�
& ?-�E8 �OI��P T��! @8.��  �� .9��

X+�!�. �@�#� ", ��H 9�:+ - ?�'��7"� @��, T��D.� �& ��)�, Y�Z �OI��P @8.�� T��D.�  ��]�7 @! 
+,�,  �*+ V��8+ ���^�� .9��
& =��� 9	�� ?����\7� - (,#& D�_�+ @�#� �/����, "�8." �9	�� ",  �#7Y��  � �� �����; ���,#�+ �`+.  
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